Effective-one-body (EOB) numerical-relativity (NR) waveform models for spin-aligned binary black holes (BBHs), known as the SEOBNR waveform models, are based on the EOB theoretical framework and NR simulations. SEOBNR models have played an important role in the LIGO scientific collaboration (LSC) gravitational wave (GW) data analysis for both signal search and parameter estimation. SEOBNR models for quasi-circular orbits have evolved through version 1 to version 4 by extending their validity domain and including more NR results. Along another direction, we recently extended SEOBNRv1 model to SEOBNRE model which is valid for spinaligned BBH coalescence along eccentric orbits. In this paper we validate this theoretical waveform model by comparing them against the numerical relativity simulation bank, Simulating eXtreme Spacetimes (SXS) catalog. In total, 278 NR waveforms are investigated which include binaries with large eccentricity; large spin and large mass ratio. Our SEOBNRE can model the NR waveforms quite well. The fitting factor for most of the 278 waveforms is larger than 99%. It indicates that the SEOBNRE model could be used as template waveforms for eccentric spin-aligned BBH coalescence.
.
In Ref. [7] we extended the SEOBNRv1 model to the SEOBNRE model which can describe eccentric BBH coalescence. Besides our SEOBNRE model, other groups also developed different theoretical models for eccentric BBH systems [21] [22] [23] [24] [25] [26] . The major difference between our SEOBNRE model and these models is that our SEOB-NRE model does not take the adiabatic approximation. Like other EOBNR models, our SEOBNRE model can produce full waveforms including the inspiral, the merger and the ringdown.
The authors in Ref. [27] also used EOB method to construct waveform models for binary systems. There are two different aspects between our SEOBNRE model and their model. Firstly they did not combine the NR results to improve their model. Secondly they used adiabatic approximation and took eccentricity directly as a state variable to describe the binary system. The SEOBNRv1 model behaves quite bad if the spin of the black hole is large. The SEOBNRv4 cures this limit [14] . Regarding to eccentric BBHs, our SEOBNRE model extends the limit of quasi-circular systems [7] . Since our SEOBNRE model is developed based on SEOBNRv1, we doubt it may also admit limitation on high spins. In the current paper we will investigate this problem and find out the limitation. This finding will provide clues for us to improve our SEOBNRE model in the future.
Throughout this paper we will use the unit system where c = G = 1. We denote the masses of the two component black holes m 1 and m 2 respectively, and assume m 1 ≥ m 2 . We denote the total mass M = m 1 +m 2 , the mass ratio q ≡ m 1 /m 2 and the symmetric mass ratio η = m 1 m 2 /M 2 . We use S 1 and S 2 to denote the spin of the two black holes. Then we have dimensionless spin parameters χ 1 = S 1 /m 2 1 and χ 2 = S 2 /m 2 2 . Furthermore we assume the orbital angular momentum of the binary points to the z direction at the initial time. Then we denote denote χ 1z = S 1z /m 2 1 and χ 2z = S 2z /m 2 2 . We notate the effective spin χ eff = (m 1 χ 1z + m 2 χ 2z )/M = (qχ 1z + χ 2z )/(1 + q) [28] , and the anti-symmetric spin χ A = (m 1 χ 1z − m 2 χ 2z )/M = (qχ 1z − χ 2z )/(1 + q) [20] . This paper is arranged as following. We describe the comparison setup between theoretical model and NR waveform in the next section. After that the comparison results between the NR waveform and the generated waveforms by SEOBNRE model are presented in the Sec. III. We find that SEOBNRE fits the NR waveforms better than 99% when the orbit eccentricity at frequency M f 0 = 0.002 is less than 0.55 and the spin "hang-up" effect is not too strong. This finding not only provides us the limitation of the SEOBNRE model but also validate the SEOBNRE waveform model for mildly eccentric BBHs with mild spins. Based on this confidence, we use our SEOBNRE model to calibrate the referenced eccentricity of the NR waveforms in the Sec. IV. Finally we give a discussion and a summary in the last section.
II. COMPARISON SETUP
In the current paper we consider only (2, 2) spin weighted spherical harmonic mode. Suppose we have two waveforms needed to be compared h 1 (t) and h 2 (t). Since the waveforms considered in the current paper all include inspiral, merger and ringdown, there is a maximal value for the amplitude of each waveform respect to time, the so-called amplitude peak. Firstly we align the time of the two waveforms to let their maximal amplitudes appear at t = 0. Then assume the waveform h 1 starts from time t 11 < 0 and ends at time t 21 > 0. For waveform h 2 these two times are t 12 < 0 and t 22 > 0 respectively. Then we take t 1 = max(t 11 , t 12 ) and t 2 = min(t 21 , t 22 ). Based on the times t 1 and t 2 we cut parts of the two waveforms beyond the time range (t 1 , t 2 ). Following this procedure we get two equal time duration waveforms. And we compare these two remaining equal-length waveforms. Now we assume we have two equal-time-duration waveforms h 1 (t) and h 2 (t). We define inner product of them as,
where the "˜" means the Fourier transformation, the " * " means taking the complex conjugate, and "ℜ" means taking the real part; t 0 and φ 0 are the initial time and initial phase used to match the two waveforms. Many previous works, like Refs. [7, 14, 16] , used LIGO's sensitivity curve to define the inner product. Differently, here we concern more about the theoretical model behavior itself, so we essentially use a uniform sensitivity in (1) . The motivation for this choice is aiming to make EOBNR models work not only for LIGO but also for future space-based detectors, such as LISA [29] [30] [31] , Taiji [32] and Tianqin [33] . The upper bound of the integration f max corresponds to the sampling rate in the waveforms. The lower bound of the integration f min corresponds to the time duration of the waveforms. The same choice was taken in our previous work [7] when we constructed the SEOB-NRE model. According to our initial alignment, t = 0 corresponds to the amplitude peak of the waveform. However, there exist another alignment that makes the matching better. In this situation, we align again the two waveforms according to the fitting procedure in Eq. (1) by adjusting the alignment time t 0 .
Based on the inner product (1), we have the fitting factor
h ≡ h|h .
Consider a given NR waveform h N R 22 , which has BBH's mass ratio q ≡ m 1 /m 2 ≥ 1, two individual spins χ 1,2 ≡ S 1,2 /m 2 1,2 and a possible initial eccentricity for the orbit. For the mass ratio and black hole's spins, to make a comparison, we always adopt the values of NR waveform for the theoretical models. However, we do not use the eccentricity provided by the NR to our SEOBNRE models. This is because that, NR simulations usually start from a relatively high frequency where the eccentricity can not be well defined. Moreover, in many NR simulations, like SXS:BBH:1362, SXS:BBH:1363, SXS:BBH:1369 and others [34] , just to name a few, the eccentricity when the simulation starts can not be determined at all. Alternatively, we determine the eccentricity through, where e 0 is the initial eccentricity of the orbit at some given reference frequency f 0 of the gravitational waveform.
III. VALIDATING SEOBNRE MODELS AGAINST NR WAVEFORMS

A. Equal-mass nonspinning BBH cases
For equal-mass nonspinning BBH cases, there is only one intrinsic parameter, the orbital eccentricity. As mentioned above, NR can not determine the initial eccentricity for several BBH systems. For a better comparison, we use the eccentricity obtained by fitting SEOBNRE waveforms through adjusting the eccentricity at the reference frequency M f 0 = 0.002 to characterize the waveforms.
The resulted fitting factor is shown in Fig. 1 . The trend of the fitting factor as a function of the eccentricity is quite clear. This trend indicates that when the eccentricity is less than 0.2, the fitting factor is better than 99.9%. When the eccentricity increases, the fitting factor decreases as one would expect. If the eccentricity is less than 0.55, the fitting factor is still better than 99%. For systems with initial eccentricity 0.55 < e 0 < 0.6 the fitting factor will fall in the range 95% < FF < 99%.
We show waveform comparison examples for highly eccentric BBH systems in Fig. 2 for SXS:BBH:1358 with e 0 = 0.46 and in Fig. 3 for SXS:BBH:1362 with e 0 = 0.59.
B. Nonspinning BBH cases
For general nonspinning BBHs, there is one more essential parameter, namely the mass ratio besides the orbital eccentricity.
The comparison results, as function of the initial eccentricity and the mass ratio are plotted in the subplot (a) of the Fig. 4 . For systems with e 0 < 0.55 the resulted fitting factor is better than 99%. If the initial eccentricity becomes larger than 0.55, the fitting factor drops to 90%. At the same time, the fitting factor is smaller when the mass ratio is larger. We suspect that this is due to the fraction of energy flux contributed by higher mode than (2,2) increases when the mass ratio and the eccentricity increase, while our current SEOBNRE model only count for (2,2) mode when we consider dissipative force. Correspondingly, in the subplot (b) of the Fig. 4 we plot the fraction of the energy flux contributed by the spherical harmonic modes other than (2, ±2) modes in NR waveform,
C. Equal-mass spin-aligned BBH cases
For spin-aligned BBH systems, although there are three parameters involved, the effective spin χ eff , the anti-symmetric spin χ A and the orbital eccentricity, we find that the anti-symmetric spin affects little the fitting factor between NR waveforms and SEOBNRE model. Therefore, in Fig. 5 we plot the fitting factors between NR waveforms and the SEOBNRE model as function of the effective spin and the orbital eccentricity.
For all the investigated systems with e 0 < 0.55 and χ eff < 0.52, the resulted fitting factor is better than 99%. We have discussed the limit of the SEOBNRE model with the initial eccentricity in the above subsections. Here we find the limitation with the spin. If the spin is anti-aligned with the orbital angular momentum, it hardly matters. But for the spin hang-up cases, when the aligned spin χ eff is larger than 0.52, the fitting factor will drop to about 94%.
We plot two examples of waveform comparison for equal-mass spin-aligned BBH systems, including (i) SXS:BBH:89 with χ 1z = −0.5, χ 2z = 0 and χ eff = −0.25 in Fig. 6 , and (ii) SXS:BBH:231 with χ 1z = 0.9, χ 2z = 0 and χ eff = 0.45 in Fig. 7 . SXS:BBH:89 admits initial eccentricity e 0 = 0.154 at the reference frequency M f 0 = 0.002 and fitting factor 99.9%. For the case SXS:BBH:231 with a relatively smaller effective spin χ eff = 0.45, our SEOBNRE model can follow the spin hang-up step closely. Consequently a high fitting factor about 99.8% is achieved.
D. General spin-aligned BBH cases
At last we investigate general nonprecessing BBH systems with any mass ratio and any aligned spins. From the investigations in the above three subsections, we find that the limitation to our SEOBNRE model mainly comes from a large eccentricity and/or a strong spin hang-up effect. In order to estimate the spin hang-up effect we calculate the orbit decay rate for quasi-circular BBH systems in the Appendix. Although it is only at post-Newtonian approximation we can still get some insight from Eq. (A2). It tells us the anti-symmetric spin parameter χ A will not take effect for equal-mass systems with η = 0.25. On the contrary, for unequal-mass binary systems, the anti-symmetric spin parameter χ A will contribute to the spin hang-up effect in addition to the effective spin χ eff . In the mean time we can see the spin hang-up contribution from the effective spin χ eff is independent of mass ratio.
Based on the above insight, we check the spin hangup effect for general spin-aligned BBH systems. Equation (A2) guides us to define a spin hang-up spin parameter
Later we call this parameter "spin hang-up parameter" for short. For a given mass ratio, the maximal χ up is achieved when χ 1z = χ 2z = 1. We plot this maximal χ up respect to q in the subplot (a) of Fig. 8 .
In the subplot (b) of Fig. 8 , we plot the resulted fitting factor as function of χ up and e 0 . As expected we find that the spin hang-up effect can not be too strong, otherwise the SEOBNRE model can not work well. Our test results indicate that, when e 0 > 0.44 and χ up > 0.35 the fitting factor will drop to about 90%. For quasi-circular cases, when χ up is bigger than about 0.5, the fitting factor drops to 90% as well.
Simply speaking, we find that if the spin hang-up effect is too strong, which can be described by the parameter χ up , our SEOBNRE model will not work well. 
IV. REFERENCE ECCENTRICITY CALIBRATED BY THE SEOBNRE MODEL
As we analyzed in the above section, the SEOBNRE model fits the NR waveforms quite well for spin-aligned BBH systems. For systems with mild initial eccentricity e 0 and mild spin hang-up effect, the fitting factor can be as good as 99%. For gravitational wave detection practice, fitting factor > 99% is likely to be enough [14] . It is interesting to improve the SEOBNRE model to expand the validity domain of the eccentricity and the spin hangup effect. This problem is out of the scope of this paper and we leave it to future work.
Due to the gauge problem and the strong general relativity effect [35] involved in the initial data of NR simulations, it is not definite in determining the initial eccentricity with NR technique [36] [37] [38] [39] [40] [41] [42] . This poorly determined quantity will introduce an uncertainty when we use it to construct the gravitational waveform template bank. Based on our accurate waveform model which can account for the initial eccentricity, we use the SEOB-NRE model to calibrate the NR waveforms on the initial eccentricity. More importantly, we can set a quite low common reference frequency, say M f 0 = 0.002, which corresponds to a large separation of the two inspiralling black holes. This kind of setting makes sure that the adiabatic approximation is valid and the concept eccentricity is meaningful.
The initial eccentricity at the reference frequency M f 0 = 0.002 and the fitting factor between NR waveforms and the SEOBNRE model for spin-aligned BBHs in the SXS simulation bank [34] are listed in Tables I-II. Here we have investigated 278 waveforms all together. These waveforms include BBHs with mass ratio from 1 to 10 and with a largest aligned spin of 0.995. We obtain fitting factors larger than 99% for most waveforms. 
V. SUMMARY
Although it is not clear yet whether there are BBH sources for the advanced LIGO/Virgo moving along eccentric orbit [43] , there exist some formation channels that could produce eccentric BBHs [44] [45] [46] [47] [48] . In the near future there will definitely be many BBH sources for space-based detectors that admit significant orbit eccentricities [49] [50] [51] . Recently, more and more researchers care about compact object binary systems with eccentric orbit regarding to gravitational wave detection [35, [52] [53] [54] [55] [56] [57] [58] [59] [60] [61] [62] [63] [64] [65] [66] [67] [68] [69] .
In order to make matched filtering data analysis technique work, many gravitational waveform models have been proposed. Based on the assumption of a low eccentricity, Ref. [52] extended low order PN waveform model in frequency domain to include the orbital eccentricity. They named the corresponding model the post-circular (PC) model. Ref. [55] phenomenologically extended the PC model to the enhanced post-circular (EPC) model which recovers the TaylorF2 model when the eccentricity vanishes. The overall PN order of the EPC model is 3.5. Some NR simulations have been carried out in the past for eccentric BBH systems [70] [71] [72] [73] [74] [75] [76] [77] . Combined with the NR results, the x-model was proposed in Ref. [72] . The x-model is a low order post-Newtonian (PN) model. The x-model was recently developed to the advanced x-model (ax-model), which includes the higher PN order terms for quasi-circular part, to cover inspiral, merger and ringdown phases [23] . All these models use the eccentricity as an explicit quantity to describe BBH's motion which means that they all take the adiabatic approximation.
In contrast, we treat the eccentric BBH systems within the EOBNR framework which makes us avoid the adiabatic approximation. We constructed the SEOBNRE model in [7] which is consistent to SEOBNR for quasicircular binary cases. When quasi-circular BBH systems are considered, for the mass ratio ranging in [1, 10] and the aligned spin ranging in [0,0.8], the consistency between the SEOBNRE model and SEOBNR models is better than 99.98%. In this paper we validate our SEOBNRE model to the NR simulation results [34] . For generic eccentric spinaligned BBH systems, there are 4 parameters, including the initial eccentricity e 0 , the mass ratio q, the effective spin χ eff and the anti-symmetric spin χ A . According the comparison result between the SEOBNRE model and the NR waveforms, we find the limitations of the SEOBNRE model come from the initial eccentricity e 0 and the spin hang-up effect. The limitation on the initial eccentricity is e 0 < 0.55 at the reference frequency M f 0 = 0.002. The spin hang-up effect can be described by a combined parameter which we call the spin hang-up parameter. The spin hang-up parameter is defined in Eq. (6) . The limitation on this spin hang-up parameter is χ up < 0.4.
It is quite hard to determine the initial eccentricity in NR. Many clever methods are developed to reduce and/or determine the initial eccentricity in NR [36] [37] [38] [39] [40] [41] [42] 77] . Still, some NR simulations, such as SXS:BBH:0071, SXS:BBH:1362, SXS:BBH:1363, SXS:BBH:0148, SXS:BBH:0151, SXS:BBH:0170, SXS:BBH:0171 and more, can not determine the initial eccentricity properly. As an extra usage, our SEOBNRE model can be used to calibrate the initial eccentricity of the NR simulation results. We hope this kind of calibration will help to improve the parameter estimation in the gravitational wave data analysis.
Currently we did not introduce extra adjustable parameters when we construct SEOBNRE models, compared to the corresponding SEOBNR models. In future we could apply the technique implemented in Ref. [14] to introduce adjustable parameters, and determine these parameters based on the calibration of the waveform to NR results. In this mean we can determine the adjustable parameters for circular part and eccentric part altogether. Hopefully this may improve our SEOBNRE model to alleviate or even remove the limitation on the initial eccentricity and the spin hang-up effect. With the relation between the energy and the semimajor axis, E = −ηM 2 /2a, and the relation between the variable x (defined in Ref. [7] ) and the semimajor axis, x = M/a, we have
Using the above equation and Eq. (C1) in Ref. [7] , we can obtain the orbit decay rate as following, 
